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The soft fermion dispersion relation at next-to-leading order in Hot QED
M.E. Carrington
Department of Physis, Brandon University, Brandon, Manitoba, R7A 6A9 Canada
and Winnipeg Institute for Theoretial Physis, Winnipeg, Manitoba, Canada
We study next-to-leading order ontributions to the soft stati fermion dispersion relation in hot
QED. We derive an expression for the omplete next-to-leading order ontribution to the retarded
fermion self-energy. The real and imaginary parts of this expression give the next-to-leading order
ontributions to the mass and damping rate of the fermioni quasi-partile. Many of the terms
that are expeted to ontribute aording to the traditional power ounting argument are atually
subleading. We explain why the power ounting method over estimates the ontribution from these
terms. For the eletron damping rate in QED we obtain: γQED =
e2T
4pi
(2.70). We hek our
method by alulating the next-to-leading order ontribution to the damping rate for the ase of
QCD with two avours and three oulours. Our result agrees with the result obtained previously
in the literature. The numerial evaluation of the nlo ontribution to the mass is left to a future
publiation.
PACS numbers: 11.10.Wx, 11.15.-q
I. INTRODUCTION
It is well known that the behaviour of elementary partiles beomes moded when the partile propagates in a
medium. The partiles beome dressed by their interation with the medium, and one speaks of olletive modes,
or quasi-partiles. One studies these olletive modes by looking at the orresponding thermal propagators. The
behaviour of the quasi-partiles is dedued from the analyti struture of the propagator. In [1℄ it was shown from
general priniples that the singularity struture of ertain omponents of gauge and matter propagators are gauge-
independent, when all ontributions of a given order are systematially taken into aount.
However, the atual alulation of dispersion relations for soft quantities at next-to-leading order is notoriously
diult. The original paper by Braaten and Pisarski [2℄ identied three potential ontributions at next-to-leading
order. They are: (1) orretions to the result for the 1-loop diagram obtained by expanding to next-to-leading order
in the ratio of the external momentum to the loop momentum; (2) ontributions to the 2-loop diagrams from the
region of the phase spae that orresponds to both loops hard; and (3) the ontribution to 1-loop diagrams with soft
loop momentum, and all propagators and verties replaed with htl eetive ones. We will refer to these three types
of ontributions as (1-terms), (2-terms), and (3-terms). We note that the power ounting arguments of Braaten and
Pisarski refer to the maximum possible ontribution from eah type of term. The atual ontribution may be lower
order for kinematial reasons, or beause of some anellation between dierent integrals.
Only a few alulations of next-to-leading order quantities have been done. The gluon damping rate was alulated
by Braaten and Pisarski [3℄. The damping rate of a soft stati quark was alulated by Kobes, Kunstatter and Mak
[4℄, and by Braaten and Pisarski [5℄. All three of these alulations involve only the imaginary part of the appropriate
2-point vertex funtion. The real part is generally more diult to alulate. The gluoni plasma frequeny in the
long wavelength limit has been alulated by Shulz [6℄, and the Debye mass has been studied in [7℄.
In this paper we onsider the next-to-leading order orretions to the dispersion relation for soft stati fermions
Qµ = (q0 ∼ eT, ~q = 0). For stati fermions, the olletive modes appear mathematially as poles of the propagator.
The mass and damping rate of the quasi-partile are obtained from the solution of the equation:
det (Q/ −Σret(Q))
∣∣∣
q0=M−iγ
= 0 . (1)
The leading ontributions are obtained from the hard thermal loop (htl) results:
mf =
√
e2T 2/8 ; γ(0) = 0 . (2)
The goal is to nd an expression for the next-to-leading order orretions to this result.
One of the main results of this paper is a ompat expression for the next-to-leading order ontributions to the
retarded fermion self-energy in QED. This result an be divided into real and imaginary parts (Eqns. (33) and (34))
whih give, respetively, the next-to-leading order orretions to the mass and damping rate in (2). The expression
for the imaginary part an be heked by onverting to the orresponding QCD expression (obtained previously in
2[4, 5℄) by alulating the appropriate group fators. The expression for the real part has not appeared previously in
the literature.
The imaginary part of the next-to-leading (nlo) self-energy gives the nlo ontribution to the damping rate [8℄:
γ = −1
4
Tr(γ0ImΣ(q0, 0))
∣∣∣
q0=mf
. (3)
To hek our method, we have alulated the nlo quark damping rate for QCD with 2 avours and 3 olours and
obtained a result that agrees with that of [4, 5℄. (Note that these authors use a dierent onvention for the denition
of the damping rate: they dene the damping rate with an extra fator of 1/2 relative to the denition used here).
For QCD with 2 avours and 3 olours we obtain:
{Nf = 2 , Nc = 3} ⇒ γ = g
2TCF
4π
(2.81) ; CF = 4/3 . (4)
The orresponding result for QED has not been previously alulated. The result is:
γQED =
e2T
4π
(2.70) . (5)
The alulation of the real part of the fermion self-energy is more ompliated for several reasons whih we disuss
below.
(1) There are pure real tadpole type ontributions that an be dropped in the alulation of the imaginary part.
(2) The leading order ontribution to the imaginary part of the self-energy is zero (beause of kinemati onstraints),
and thus the omplete evaluation of the integral gives a ontribution of e2T times some number of order one, whih
is the full nlo ontribution. For the real part, the numerial result for the integral will ontain the leading order term
(whih is of order eT ), in addition to the nlo term. The leading order term must be subtrated as a ounter-term to
obtain the numerial result for the nlo ontribution.
(3) For the real part of the eletron self-energy, the (1-terms) have been alulated in [9℄ and shown to be of
order e3T ln(1/e), and not of order e2T . In addition, we have shown by expliit alulation that the ontribution
from (2-terms) is also of order e3T ln(1/e). These results appear to indiate that the power ounting argument over
estimates the ontribution from (1-terms) and (2-terms) terms. A similar result was obtained by Shulz in [6℄: he
found that the ontribution to the gluoni plasma frequeny from 2-loop diagrams with hard internal momentum is
smaller than predited by power ounting. It is not lear if (2-terms) terms are always over estimated by the power
ounting argument. This issue is disussed in Appendix E.
The ln(1/e) part of the ontribution disussed above omes from an integral of the form∫
dp p (nb(p) + nf (p)) Prin
1
p2 − q20
(6)
where the notation Prin indiates a priniple part and the fators nb(p) and nf (p) are bose-einstein and fermi-dira
distribution funtions. The integral is ut o at large T by the distribution funtions and regulated at small p by the
soft uto q0. The point is that both of the distribution funtions ontribute to the result. This is not the ase for
the nlo ontribution to the imaginary part whih is dominated by the soft part of the momentum integral and the
infra-red part of the bose-einstein distribution funtion. The result of the alulation in [4, 5℄ justies dropping all
terms proportional to the fermi-dira distribution funtion in the integrand for the imaginary part. In the expression
for the real part we keep all terms ontaining either bose-eintein or fermi-dira distributions.
(4) The numerial alulation of the real part of the self-energy is also more ompliated than the orresponding
integral for the imaginary part. The integrand for the real part ontains a ut that gives large positive and negative
ontributions as it is approahed from either side. These limits must be handled arefully to extrat the surviving
nite ontribution.
A ompat analyti result for the real part of the fermion self-energy at nlo is given in Eqn. (34). The result of
the numerial alulation of this integral will be presented in a future publiation.
This paper is organized as follows. In setion II we dene some notation and disuss the diagrams that ontribute
to the fermion self-energy at nlo. In setion III we give some information about the tehnial aspets of the nite
temperature alulation. In setion IV we dene our notation for the propagators and verties. In setion V we
desribe the struture of the alulation and give the analyti results for the integrands of the retarded self-energy,
and its real and imaginary parts. In setion VI we give the numerial result for the imaginary part. In setion VII
we present our onlusions. In Appendix A we explain the notation we use to assign indies to the omponents of
3the Keldysh n-point funtions and verties. In Appendix B we give the full expressions for the disontinuities of the
propagators. In Appendix C we list the ward identities and kms onditions that are needed to do the alulation. In
Appendix D we give some expliit results for the vertex funtions that annot be rewritten using ward ientities. In
Appendix E we disuss power ounting arguments.
II. PRELIMINARIES
We use apital letters to denote 4-momenta: K = (k0, ~k). We take the external momentum to be Q = (q0,~0) and
write R = P+Q so that we have ~r = ~p. The fermion and photon thermal masses are: m2f = e
2T 2/8 andm2G = e
2T 2/6.
We use:
{γµ, γν} = 2gµν ; gµν = diag (1,−1,−1,−1) .
The thermal distribution funtions are dened as:
nb(p) =
1
eβp − 1 ; nf (p) =
1
eβp + 1
; NB(p) = 1 + 2nb(p) ; NF (p) = 1− 2nf(p) . (7)
In this paper we are only interested in thermal eets and onsequently we ignore zero temperature piees of the
self-energy. The fermion self-energy is deomposed in the usual way:
Σ = γ0Σ(0) + ~γ · qˆΣ(i) . (8)
Sine we have taken q = 0 the only non-zero omponent is Σ(0) = Tr (γ0Σ)/4. From now on, we suppress the
supersript `(0)' to simplify the notation. We use throughout the onventions of [10℄, but we work in real time.
The diagrams to be alulated are shown in Fig. 1, where dotted lines indiate photons and solid lines are fermions.
The notation is dened in Fig. 2 where Pψin indiates the momentum of an inoming fermion, Pψout is the momentum
of an outgoing fermion, and Pµγin is the momentum of an inoming photon. The verties are given by:
Γµ(Pψin, Pψout) = γµ + Γhtlµ(Pψin, Pψout) (9)
Mµν(Pψin, P
µ
γin, P
ν
γin, Pψout) = Mhtlµν(Pψin, P
µ
γin, P
ν
γin, Pψout)
The htl vertex funtions an be written as the ontration of a gamma matrix and a fator that does not ontain
dira struture. We introdue the notation:
Σhtl := γλΣhtlλ (10)
Γhtlµ := γ
λΓhtlµλ
Mhtlµν := γ
λMhtlµνλ
In order to keep the notation simple, we will not add a tilde to the verties on the rhs of these expressions. The extra
lorentz index indiates that the gamma matrix has been fator out.
P
Q R=P+Q Q Q Q
P
FIG. 1: The diagrams to alulate for a soft eletron.
4µν ψ in ψout(P    ,P    ,P    ,P    )γ in γ inνµ
Γµ ψ in ψout(P    ,P    )
µ ν
µ
µ ν
−i Dµν
i S
e
−i e  M2
−i 
FIG. 2: Denitions of onventions for propagators and verties.
All of the ontributions identied by the power ounting arguments of Braaten and Pisarski as ontributing at nlo,
as well as the leading-order ontributions, are formally inluded in Fig. 1 if the integral over the internal momentum
variable is not restrited to any partiular region of the phase spae, but runs over the full range of the momentum
variable.
III. REAL TIME FINITE TEMPERATURE FIELD THEORY IN THE KELDYSH REPRESENTATION
We will do the alulation in the Keldysh representation of the real time formulation of nite temperature eld
theory. The basi struture of the method is desribed below for a salar theory. Details are given in [11℄. In the
losed time path (CTP) formulation of nite temperature eld theory, the path integral is dened on a ontour in
omplex time that has two branhes. The `1' branh runs from minus innity to positive innity just above the real
axis, and the `2' branh runs bak from positive innity to negative innity just below the real axis.
2
1
C
C
FIG. 3: The CTP ontour in the omplex time
Green funtions are dened on this ontour:
iDC(x, y) = 〈T˜cφ(x)φ(y)〉
where T˜c indiates time ordering along the ontour. In the 1-2 representation, a propagator with real time arguments
is written as a 2×2 matrix:
D =
(
D11 D12
D21 D22
)
(11)
iD11(x, y) = 〈Tφ(x)φ(y)〉
iD12(x, y) = 〈φ(y)φ(x)〉
iD21(x, y) = 〈φ(x)φ(y)〉
iD22(x, y) = 〈T ∗φ(x)φ(y)〉
5where the operators T and T ∗ indiate time ordering and anti-time ordering, respetively. Note that there are at
most three independent omponents beause of the onstraint
D11 −D12 −D21 +D22 = 0. (12)
In general, in the 1-2 representation, an n-point funtion is a tensor with 2n omponents, orresponding to the two
possible values of eah index. Only 2n − 1 of these omponents are independent beause of a onstraint of the same
form as the one given above. Trunating external legs gives the orresponding vertex funtions. There are (22−1 = 3)
self-energy funtions, (23 − 1 = 7) 3-point verties and (24 − 1 = 15) 4-point verties.
In the Keldysh representation, we use linear ombinations of omponents in the 1-2 representation that have a more
diret physial interpretation. For example, the three omponents of the propagator in the Keldysh representation
orrespond to the retarded, advaned, and symmetri propagators. For any Keldysh vertex funtion, eah of the
2n−1 omponents is denoted by a single index whih takes values {2, 3, 4, · · ·2n}. The denitions we use for assigning
indies to the Keldysh funtions are given in Appendix A. For larity, where possible, we will write propagators and
self energies as retarded, advaned, or symmetri funtions instead of using the orresponding numerial index.
We give expliitly below the expressions for the three propagator omponents, and the retarded and advaned self
energies. The retarded, advaned and symmetri propagators are given by:
Dret(K) = D11 −D12 = 1
K2 + iSign(k0)ǫ
(13)
Dadv(K) = D11 −D21 = 1
K2 − iSign(k0)ǫ
Dsym(K) = D11 +D22 = NB(k0)(Dret(K)−Dadv(K)) = −2πiNB(k0)Sign(k0) δ(K2) .
The retarded and advaned self energies (whih give the real and imaginary parts: ReΣret = 1/2(Σret +
Σadv) ; ImΣret = 1/(2i)(Σret − Σadv)) are:
Σret = Σ11 +Σ12 ; Σadv = Σ11 +Σ21 . (14)
The alulation of the diagrams in Fig. 1 is performed as follows. Eah line arries an index on eah end whih an
take values 1 or 2. One sums over all internal indies and takes the ombinations of external indies that orresponds
to the omponent of the self-energy that is wanted. The result is rotated to the Keldysh basis. The tehnique is
desribed in [11℄.
IV. HTL PROPAGATORS AND VERTICES
The basi struture of QED at nite temperature is the same as for salar theory, but we have to inlude the dira
and lorentz struture of the propagators and verties.
A. Propagators
In Eqns. (15), (16) and (17), we simplify the notation by supressing the subsripts ret, adv. For photons the
symmetri propagator is given by Dµνsym(P ) = NB(p0)(D
µν
ret(P ) − Dµνadv(P )) and for fermions we have Ssym(R) =
NF (r0)(Sret(R)− Sadv(R)).
The fermion propagator is written
S(R) = i(R/ − Σhtl(R))−1 (15)
The inverse propagators are inverted by writing
S(R) =
1
2
(S+(R)(γ0 − rˆ/) + 1
2
S−(R)(γ0 + rˆ/)) (16)
S+(R) = − 2r
2
2r
(
m2f + r (r − r0)
)
+ ln
(
r0+r
r0−r
)
(r − r0)m2f
S−(R) =
2r2
2r
(
m2f + r (r + r0)
)
− ln
(
r0+r
r0−r
)
m2f (r + r0)
6We use the ovariant gauge and write the photon propagator in terms of transverse and longtitudinal projetions
(reall that p = r):
Dµν(P ) = P
T
µνDT (P ) + P
L
µν
p2
P 2
DL(P )− αPµPν
P 2
(17)
DT (P ) =
1
P 2 −G(p0, r) ; DL(P ) =
P 2
r2
1
P 2 − F (p0, r)
G(p0, r) =
1
r2
(
1− Q0 (p0, r) p0
r
)
P 2m2G +m
2
G; Q0(p0, r) =
1
2
ln
(
p0 + r
p0 − r
)
F (p0, r) = − 1
r2
2m2G
(
1− Q0 (p0, r) p0
r
)
P 2
PTµν = gµν −
QµQν
q20
+
1
r2
(
Pµ − p0Q
µ
q0
)(
P ν − p0Q
ν
q0
)
PLµν = −
PµP ν
P 2
+
QµQν
q20
− 1
r2
(
Pµ − p0Q
µ
q0
)(
P ν − p0Q
ν
q0
)
The expressions for the projetion operators have been obtained by writing the vetor that denes the rest frame of
the medium as nµ = {1, 0, 0, 0} = Qµ/q0.
The disontinuity of a salar propagator is dened as:
ρ(K) = −i d(K) = −i(Dret(K)−Dadv(K)) (18)
The disontinuities of the fermion and photon propagators are obtained from:
d+(R) = S
+
ret(R)− S+adv(R) ; d−(R) = S−ret(R)− S−adv(R) (19)
dT (P ) = D
T
ret(P )−DTadv(P ) ; dL(P ) = DLret(P )−DLadv(P )) .
Eah disontinuity has a pole and a ut ontribution and has the general form:
dx(K) = −2πi
∑
n=±1
Zx(k) n δ(k0 − nωx(k))− 2πiβx(k0, k) ; x = {T, L,+,−} (20)
The funtions ωT (p), ωL(p), ω+(p) and ω−(p) are the roots of the denominators of the orresponding propagators.
The expressions for these funtions, and for the residues Zi and ut funtions βi are given in Appendix B.
V. CALCULATION OF THE HTL CORRECTED 1-LOOP DIAGRAMS
A. struture of the alulation
The rst step in the alulation of the diagrams in Fig. 1 is to sum over indies in the 1-2 representation and rotate
the result to the Keldysh basis. We dene the operator
Nˆ := − ie
2
32π3
∫
dp0
∫
dr . (21)
whih will be fatored out of all expressions. We use the tehniques of [11℄ to obtain:
Σret(Q)
∣∣∣
diagram 1
(22)
= Nˆ r2 Tr
[
γ0Dsymµν (P )Γ
ν [ 2 ](Q,R)Sret(R)Γ
µ[ 2 ](R,Q) +Dadvµν (P )Γ
ν [ 2 ](Q,R)S
sym
(R)Γµ[ 3 ](R,Q)
+Dadvµν (P )Γ
ν [ 2 ](Q,R)Sret(R)Γ
µ[ 4 ](R,Q) +Dretµν (P )Γ
ν [ 4 ](Q,R)Sret(R)Γ
µ[ 2 ](R,Q)
+Dadvµν (P )Γ
ν [ 6 ](Q,R)Sadv(R)Γ
µ[ 3 ](R,Q)
]
7Σret(Q)
∣∣∣
diagram 2
(23)
= Nˆ
1
2
r2 Tr
[
γ0
(
Dsymµν (P )M
µν [ 2 ](Q,P,−P,Q) +Dretµν (P )Mµν [ 4 ](Q,P,−P,Q) +Dadvµν (P )Mµν [ 6 ](Q,P,−P,Q)
) ]
The indies in square brakets refer to the Keldysh omponents of the verties. The notation is dened in Appendix
A.
The basi strategy of our alulation is to rewrite the htl verties in terms of the self energies, and rearrange the
result to obtain the simplest possible form. In order to do this, we rst note that there are four basi strutures in
the transverse and longtitudinal projetion operators (17):
PµPν ;
{Qµ
q0
Pν ,
Qν
q0
Pµ
}
;
QµQν
q20
; gµν . (24)
The rst two forms give a zero ontribution to the nal result. This is a onsequene of gauge invariane and an be
derived using the ward identities. One nds that the gauge dependent ontribution to the nlo fermion self-energy is
proportional to an integral times the square of the inverse propagator S(−1)(Q) = Q/ −Σhtl(Q), whih vanishes on the
mass shell. In [12℄ it was pointed out that a straightforward evaluation of the integral produes mass-shell singularities
that anel the ontributions from the two inverse propagators and give a nite gauge dependent ontribution to the
damping rate. This problem was resolved by Rebhan [13℄ who showed that the integral must be regulated before the
mass shell is approahed. Using this proedure one nds that the position of the pole is gauge independent, and the
gauge dependene ours only in the unphysial residue.
The third and fourth forms in (24) give non-zero ontributions. All terms that ome from the third form (QµQν/q
2
0)
an be rewritten in terms of the fermion self-energy by using the htl ward identities. Terms proportional to gµν are
more diult to handle. We use the kms onditions for the 3-point funtions, and some equations obtained by taking
the omplex onjugate and interhanging the arguments of the fermion legs, to obtain the simplest possible expression.
A omplete list of the ward identities and kms onditions for 3- and 4-point funtions are found in [11℄. In Appendix
C we have olleted the ones that we use in this alulation.
In order to express the results in a ompat form, we rewrite the photon propagator in (17) keeping only the terms
that will give non-zero ontributions:
D′µν(P ) = gµνDT (P ) +
QµQν
q20
(D˜T (P ) + D˜L(P )) (25)
D˜T (P ) =
P 2
p2
DT (P ) ; D˜L(P ) = −DL(P ) .
We will use the same notation for the disontinuities as before: d˜T/L(P ) = D˜
ret
T/L(P )− D˜advT/L(P ). Using the fat that
the htl 4-point vertex satises Mhtl µµ = 0, we onsider the struture of the terms that result when we use (25) in
(22) and (23). There are three types of terms:
(1) ontributions from the rst term in (25)
(2) ontributions from the seond and third terms in (25) whih an be divided into two types:
(2a) terms whih do not ontain fermion propagators
(2b) terms that do ontain fermion propagators
All ontributions to Σret(Q) have one of the forms below:
(1) = Nˆ r2dT (P )NB (p0)Tr(γ
0γτS±ret(R)γ
λ)Γτµ[ 2 ](Q,R) Γ
µ
λ [ 2 ](Q,R) (26)
+ Nˆ r2DadvT (P )NF (r0)Tr
[
γ0γτ
(
S±ret(R)Γτµ[ 2 ](Q,R) Γ
µ
λ [ 2 ](Q,R)− S±adv(R)Γτµ[ 5 ](Q,R) Γ µλ [ 5 ](Q,R)
)
γλ
]
(2a) = − 1
q20
Nˆ r2d˜T/L(p)Tr(γ
0γτ ) (2Qτ +Rτ )NB (p0) (27)
(2b) =
1
q20
Nˆ r2 (Qτ +Rτ ) Tr
[
γ0γτ
(
d˜T/L(P )S
±
ret(R)NB (p0) + D˜
adv
T/L(P )d
±(R)NF (r0)
)
γλ
]
(Qλ +Rλ) (28)
Using Eqns. (9) and (10) we have written:
Γτµ[ i ](Q,R) = gτµ + Γhtlτµ[ i ](Q,R) ; i = 2 or 5 . (29)
8There are two ontributions from terms of type-(1) whih ome from the (+/ -) modes of the eletron. There are two
ontributions from terms of type-(2a) whih ome from transverse and longtitudinal photon modes. There are four
type-(2b) ontributions whih ome from the (transverse/longtitudinal) × (+/ -) modes of the photon and eletron.
B. Longitudinal results
Longtitudinal modes get ontributions from terms of type-(2a) and type-(2b) only. For future onveniene, we
also divide results into ontributions that depend on boson distribution funtions and ontributions that depend on
fermion distribution funtions. The ontributions to Σret(Q) from longtitudinal photon modes are:
Type2a (Long, NB) =
12
q0
Nˆ r2 dL(P )NB (p0) (30)
Type2a (Long, NF ) = 0
Type2b (Long,+, NB) = − 2
q20
Nˆ r2 (−r + q0 + r0)2 dL(P )S+ret(R)NB (p0)
Type2b (Long,−, NB) = − 2
q20
Nˆ r2 (r + q0 + r0)
2
dL(P )S
−
ret(R)NB (p0)
Type2b (Long,+, NF ) = − 2
q20
Nˆ r2 (−r + q0 + r0)2 aL(P )d+(R)NF (r0)
Type2b (Long,−, NF ) = − 2
q20
Nˆ r2 (r + q0 + r0)
2 aL(P )d−(R)NF (r0)
C. Transverse results
Transverse modes also ontain ontributions from terms of type-(1). These terms an be further simplied by using
expliit results for the htl 3-point vertex funtions, whih have a partiularly simple form when one of the fermions is
not moving. The expressions that we need are given in Appendix D. Using these results, all omponents of the verties
in (26) an be written as simple funtions of the htl self-energy. These self-energies also appear in the denominators
of the htl fermion propagators. The general strategy is to rearrange terms in the numerators so that we an anel as
many terms as possible with the orresponding terms in the denominators. Signiant simpliations our when we
ombine terms and use the mass shell ondition q20 = m
2
f . We dene the notation:
Σhtl0(s)(R) = Σhtl
ret
0 (R) + Σhtl
adv
0 (R) ; Σhtl0(d)(R) = Σhtl
ret
0 (R)− Σhtladv0 (R) . (31)
The ontributions to Σret(Q) from transverse photon modes are:
Type2a (Trans, NB) = − 2
q20
Nˆ dT (P )NB (p0)
(−3r0R2 + 4m2fr0 + 8r2q0 + 6P 2q0 −R2Σhtlret0 (R))
Type2a (Trans, NF ) =
2
q20
Nˆ
(
r20 − r2
)
aT (P )NF (r0)Σhtl0(d)(R) (32)
Type2b (Trans,+, NB) = − 1
q20
Nˆ (p0 − r)2 (r + p0 + 2q0)2 dT (P )NB (p0)S+ret(R)
Type2b (Trans,−, NB) = − 1
q20
Nˆ (r + p0)
2
(−r + p0 + 2q0)2 dT (P )NB (p0)S−ret(R)
Type2b (Trans,+, NF ) = − 1
q20
Nˆ (p0 − r)2 (r + p0 + 2q0)2 aT (P )d+(R)NF (r0)
Type2b (Trans,−, NF ) = − 1
q20
Nˆ (r + p0)
2
(−r + p0 + 2q0)2 aT (P )d−(R)NF (r0)
9D. Imaginary parts
The damping rate is determined from the imaginary parts of the expressions in (30) and (32). The nlo ontribution
omes only from terms that depend on the bose-einstein distribution funtion. The ontributions to ImΣret(Q) are:
Im(L,+, 2b) =
i
q20
Nˆ r2 (−r + q0 + r0)2 dL(P )d+(R)NB (p0) (33)
Im(L,−, 2b) = i
q20
Nˆ r2 (r + q0 + r0)
2
dL(P )d−(R)NB (p0)
Im(T, 2a) = − i
q20
Nˆ R2dT (P )NB (p0)Σhtl0(d)(R)
Im(T,+, 2b) =
i
2q20
Nˆ (p0 − r)2 (r + p0 + 2q0)2 d+(R)dT (P )NB (p0)
Im(T,−, 2b) = i
2q20
Nˆ (r + p0)
2 (−r + p0 + 2q0)2 d−(R)dT (P )NB (p0)
E. Real parts
As disussed in the introdution, the real parts ould reeive ontributions from terms with both bose-einstein and
fermi-dira distribution funtions. In addition, there are tadpole-type terms that ontribute to the real part. We use
the notation Prin to indiate a priniple part. The ontributions to ReΣret(Q) are:
Re(L,NB, 2a) =
12
q0
Nˆ r2dL(p)NB (p0) (34)
Re(L,+, NB, 2b) = − 2
q20
Nˆ r2 (−r + q0 + r0)2 dL(P )NB (p0)Prin+(R)
Re(L,−, NB, 2b) = − 2
q20
Nˆ r2 (r + q0 + r0)
2 dL(P )NB (p0)Prin−(R)
Re(L,+, NF , 2b) = − 2
q20
Nˆ r2 (−r + q0 + r0)2 d+(R)NF (r0)PrinL(P )
Re(L,−, NF , 2b) = − 2
q20
Nˆ r2 (r + q0 + r0)
2 d−(R)NF (r0)PrinL(P )
Re(T,NB, 2a) = − 1
q20
Nˆ dT (p)NB (p0)
(
2
(−3r0R2 + 4m2fr0 + 8r2q0 + 6P 2q0)−R2Σhtl0(s)(R))
Re(T,NF , 2a) =
2
q20
Nˆ R2NF (r0)PrinT (P )Σhtl0(d)(R)
Re(T,+, NF , 2b) = − 1
q20
Nˆ (p0 − r)2 (r + p0 + 2q0)2 dT (P )NB (p0)Prin+(R)
Re(T,−, NB, 2b) = − 1
q20
Nˆ (r + p0)
2
(−r + p0 + 2q0)2 dT (P )NB (p0)Prin−(R)
Re(T,+, NF , 2b) = − 1
q20
Nˆ (p0 − r)2 (r + p0 + 2q0)2 d+(R)NF (r0)PrinT (P )
Re(T,−, NF , 2b) = − 1
q20
Nˆ (r + p0)
2
(−r + p0 + 2q0)2 d−(R)NF (r0)PrinT (P )
VI. NUMERICAL EVALUATION OF THE IMAGINARY PART
The damping rate an be alulated from the imaginary part of the self-energy using (3). Eah of the four type-
(2b) terms in (33) ontains two disontinuities in the form of a produt dT/L(P )d±(R). Eah of these disontinuities
ontains an ut piee and a pole piee, as given in Eqns. (B1), (B2), (B3) and (B4) in Appendix B. The type-(2a)
term in (33) ontains one disontinuity of the form dT (P ) whih has a ut piee and a pole piee. Thus, the total
number of terms to be alulated is: (4× 4) + (1× 2) = 18.
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We sale all dimensionful parameters with the leading order fermion mass: r0 → mfr0; r → mfr; m2G = xm2f . The
result for the quark damping rate for 2 avours and 3 olours is:
x =
(Nc +Nf/2)/6
CF /8
; CF = (N
2
c − 1)/(2Nc) ; {Nc = 3, Nf = 2} ⇒ x = 4 (35)
γQCD(x = 4) =
g2TCF
4π
(2.81)
This result agrees with that of [4, 5℄.
For the eletron damping rate in a QED plasma we nd:
x = m2G/m
2
f = 4/3 ; ⇒ γQED =
e2T
4π
(2.70) (36)
VII. CONCLUSIONS
We have studied next-to-leading order ontributions to the soft stati fermion dispersion relation in hot QED. We
have derived an expression for the omplete next-to-leading order ontribution to the retarded fermion self-energy. The
real and imaginary parts of this expression give the next-to-leading order ontributions to the mass and damping rate
of the fermioni quasi-partile. Many of the terms that are expeted to ontribute, aording to the traditional power
ounting arguments, are atually subleading. We have explained why the power ounting method over estimates the
ontribution from sub-leading piees of the 1-loop diagram, and eah of the 2-loop diagrams with both loop momenta
hard.
For the eletron damping rate in QED we obtain: γQED =
e2T
4pi (2.70). We have heked our method by alulating
the next-to-leading order ontribution to the damping rate for the ase of QCD with two avours and three oulours.
Our result agrees with the result obtained previously in the literature. The numerial evaluation of the nlo ontribution
to the mass is left to a future publiation.
APPENDIX A: DEFINITIONS OF THE KELDYSH VERTICES
As explained in setion III, green funtions and verties in the Keldysh representation are linear ombinations of
the green funtions and verties in the 1-2 representation. An n-point funtion in the 1-2 basis is written: Gb1,b2,b3,···bn
where the indies bi and take the values 1 or 2. Verties are obtained by trunating external legs:
Gb1···bn = Gb1 b¯1 · · ·Gbn b¯nΓb¯1···b¯n . (A1)
Keldysh indies are written αi and are assigned the values α = 1 := r and α = 2 := a. An n-point funtion in the
Keldysh basis is written: Gα1,α2,α3,···αn . Verties are obtained by trunating external legs:
Gα1···αn = Gα1α¯1 · · ·Gαnα¯nΓα¯1···α¯n . (A2)
To rotate from the 1-2 representation to the Keldysh representation we use the transformation matrix:
U =
1√
2
(
1 1
1 −1
)
. (A3)
The n-point funtion in the Keldysh representation is given by:
Gα1···αn = 2
n
2
−1 Uα1
b1 · · ·UαnbnGb1···bn . (A4)
In order to ompatify the notation, we replae eah string of indies {α1, α2, · · ·} by a single numerial index:
Gα1α2···αn := G[ i ] ; Γ
α1α2···αn := Γ[ i ] . (A5)
We assign the hoies of the variables α1α2 · · ·αn to the variable i using the vetor
Vn =
(
rn
an
)
· · · ⊗
(
r2
a2
)
⊗
(
r1
a1
)
(A6)
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where the symbol ⊗ indiates the outer produt. For eah n, the ith omponent of the vetor orresponds to a list
of variables that is assigned the number i. For larity, the results are listed below. To simplify the notation we drop
the subsripts and write a list like r1r2a3 as rra.
[a℄ 2-point funtions: rr → 1, ar → 2, ra→ 3, aa→ 4
[b℄ 3-point funtions: rrr → 1, arr → 2, rar → 3, aar → 4, rra → 5, ara→ 6, raa→ 7, aaa→ 8
[℄ 4-point funtions: rrrr → 1, arrr → 2, rarr → 3, aarr → 4, rrar → 5, arar → 6, raar → 7, aaar→ 8, rrra → 9,
arra→ 10, rara → 11, aara→ 12, rraa→ 13, araa→ 14, raaa→ 15, aaaa→ 16
Using expressions like (12), it is easy to show that
Gaaaa···a = 0 ; Γ
rrrr···r = 0 → G[2n] = 0 ; Γ[1] = 0 . (A7)
APPENDIX B: DISCONTINUITIES
Eah disontinuity has a pole and a ut ontribution and has the general form:
dx(K) = −2πi
∑
n=±1
Zx(k) n δ(k0 − nωx(k))− 2πiβx(k0, k) ; x = {T, L,+,−} . (B1)
The funtions ωT (p), ωL(p), ω+(p) and ω−(p) are the roots of the denominators of the orresponding propagators.
The expressions for these funtions, and for the residues Zi and ut funtions βi are given below.
The ut funtions are:
βT (p0, r) = −
2r3m2Gp0
(
p20 − r2
)
Θ
(
r2 − p20
)
π2p20 (r
2 − p20)2m4G +
(
2r5 − 2p20r3 + ln
∣∣∣ r0+rr0−r ∣∣∣m2Gp0r2 + 2m2Gp20r − ln ∣∣∣ r0+rr0−r ∣∣∣m2Gp30)2
(B2)
βL(p0, r) =
rm2Gp0Θ
(
r2 − p20
)
π2p20m
4
G +
(
r3 + 2m2Gr − ln
∣∣∣ r0+rr0−r ∣∣∣m2Gp0)2
β+(r0, r) =
2r2m2f (r − r0)Θ
(
r2 − r20
)
π2 (r − r0)2m4f +
(
2 (r − r0) r2 +m2f
(
r
(
ln
∣∣∣ r0+rr0−r ∣∣∣+ 2)− ln ∣∣∣ r0+rr0−r ∣∣∣ r0))2
β−(r0, r) =
2r2m2f (r0 + r) Θ
(
r2 − r20
)
π2 (r + r0)
2
m4f +
(
m2f
(
r
(
ln
∣∣∣ r0+rr0−r ∣∣∣− 2)+ ln ∣∣∣ r0+rr0−r ∣∣∣ r0)− 2r2 (r + r0))2
The residues are:
ZT (r) =
ωT (r)
(
r2 − ωT (r)2
)
r4 + ωT (r)4 − 2 (r2 +m2G)ωT (r)2
(B3)
ZL(r) =
ωL(r)
3 − r2ωL(r)
r2 (r2 + 2m2G − ωL(r)2)
Z+(r) =
ω+(r)
2 − r2
2m2f
Z−(r) =
ω−(r)
2 − r2
2m2f
The positions of the poles are determined from the solutions of the equations:
ln
∣∣∣∣ωT (r) + rωT (r) − r
∣∣∣∣ωT (r) (r2 − ωT (r)2)m2G + 2 (r5 − ωT (r)2r3 +m2GωT (r)2r) = 0 (B4)
r3 + 2m2Gr − ln
∣∣∣∣ωL(r) + rωL(r) − r
∣∣∣∣m2GωL(r) = 0
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ln
∣∣∣∣ω+(r) + rω+(r) − r
∣∣∣∣ (r − ω+(r))m2f + 2r (m2f + r (r − ω+(r))) = 0
2r
(
m2f + r (r + ω−(r))
)− ln ∣∣∣∣ω−(r) + rω−(r)− r
∣∣∣∣m2f (r + ω−(r)) = 0
APPENDIX C: WARD IDENTITIES AND KMS CONDITIONS
The ward identities at nite temperature have the same form as at zero temperature. As disussed in setion III,
there are 7 omponents of the 3-point funtion and 15 omponents of the 4-point funtion, eah of whih has its own
ward identity. These ward identities are expressed in a ompat notation as:
(Pout − Pin)µΓhtlµ[ i ](Pin, Pout) = Σhtl[ j1 ](Pin)− Σhtl[ j2 ](Pout) (C1)
QµMhtlµν [ i ](Pin, Q1, Q2, Pout) = Γhtlν [ j1 ](Pin, Pout −Q1)− Γhtlν [ j2 ](Pin +Q1, Pout)
The index in square brakets denotes the Keldysh omponent of the vertex. The omplete sets of indies are given in
[11℄.
In the htl limit, the ward identities have a somewhat simpler struture. We give only the results that are needed
for this alulation (using S := −P +Q):
QµΓhtl
µν [ 2 ](Q,R) = Σhtlνret(R) ; RνΓhtl
µν [ 2 ](Q,R) = Σhtlµret(Q)
QµΓhtl
µν [ 4 ](Q,R) = 0 ; RνΓhtl
µν [ 4 ](Q,R) = 0
QµΓhtl
µν [ 6 ](Q,R) = Σhtlν
sym
(R) ; RνΓhtl
µν [ 6 ](Q,R) = 0
QνΓhtl
µν [ 2 ](R,Q) = Σhtlµret(R) ; RµΓhtl
µν [ 2 ](R,Q) = Σhtlνret(Q)
QνΓhtl
µν [ 3 ](R,Q) = Σhtlµadv(R) ; RµΓhtl
µν [ 3 ](R,Q) = Σhtlνret(Q)
QνΓhtl
µν [ 4 ](R,Q) = Σhtlµ
sym
(R) ; RµΓhtl
µν [ 4 ](R,Q) = 0
(C2)
QµQνM
µντ [ 2 ](Q,P,−P,Q) = Σhtlτret(R) + Σhtlτret(S) (C3)
QµQνM
µντ [ 4 ](Q,P,−P,Q) = NF (s0)(Σhtlτret(S)− Σhtlτadv(S))
QµQνM
µντ [ 6 ](Q,P,−P,Q) = NF (r0)(Σhtlτret(R)− Σhtlτadv(R))
Terms whih are ontrated with the part of the photon propagator that is proportional to gµν annot be written
in terms of the self-energy using ward identities. We simplify these terms using the kms onditions for the 3-point
funtions:
Γhtlµ[ 4 ](Q,R) (C4)
= −NB (p0) Γhtlµ[ 2 ](Q,R)−NF (q0) Γhtlµ[ 3 ](Q,R) +NB (p0) Γhtl∗µ[ 5 ](Q,R) +NF (q0) Γhtl∗µ[ 5 ](Q,R)
Γhtlµ[ 6 ](Q,R)
= NF (r0) Γhtlµ[ 2 ](Q,R)−NF (q0) Γhtlµ[ 5 ](Q,R) +NF (q0) Γhtl∗µ[ 3 ](Q,R)−NF (r0) Γhtl∗µ[ 3 ](Q,R)
Γhtlµ[ 4 ](R,Q)
= NB (p0) Γhtlµ(2)(R,Q)−NF (r0) Γhtlµ(3)(R,Q)−NB (p0) Γsthtlµ(5)(R,Q) +NF (r0) Γsthtlµ(5)(R,Q)
Some additional relations between verties are:
Γhtl∗µ[ 5 ](X,Y ) = Γhtlµ[ 2 ](Y,X) (C5)
Γhtl∗µ[ 2 ](X,Y ) = Γhtlµ[ 5 ](Y,X)
Γhtl∗µ[ 3 ](X,Y ) = Γhtlµ[ 3 ](Y,X)
Γhtlµ[ 3 ](R,Q) = Γhtlµ[ 5 ](Q,R)
Γhtlµ[ 2 ](R,Q) = Γhtlµ[ 3 ](Q,R) = Γhtlµ[ 2 ](Q,R)
APPENDIX D: EXPLICIT VERTEX EXPRESSIONS
The following results are obtained by diret alulation. They are used to rewrite Eqn. (26).
Γhtl[ 2 ](Q,R)00 =
Σhtlret0 (R)
q0
(D1)
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Γhtl[ 2 ](Q,R)0i =
m2f
r2q0
rˆi
(
rr0
m2f
Σhtlret0 (R)− r
)
Γhtl[ 2 ](Q,R)ij =
m2f
2r3q0
(
δij
(
rr0 − r
m2f
R2Σhtlret0 (R)
)
− rˆirˆj
(
3rr0 +
r
m2f
(
r2 − 3r20
)
Σhtlret0 (R)
))
Γhtl[ 5 ](R,Q)00 =
Σhtladv0 (R)
q0
Γhtl[ 5 ](R,Q)0i = −
m2f
r2q0
rˆi
(
r − rr0
m2f
Σhtladv0 (R)
)
Γhtl[ 5 ](R,Q)ij =
m2f
2r3q0
(
δij
(
rr0 − r
m2f
R2Σhtladv0 (R)
)
− rˆirˆj
(
3rr0 +
r
m2f
(
r2 − 3r20
)
Σhtladv0 (R)
))
APPENDIX E: POWER COUNTING ARGUMENTS
The power ounting arguments of [2℄ indiate that for the real part of the self-energy, orretions to the result for
the 1-loop diagram obtained by expanding to next-to-leading order in the ratio of the external momentum to the loop
momentum, and ontributions to the 2-loop diagrams from the region of the phase spae that orresponds to both
loops hard, ould ontribute at relative order e, when ompared to the leading order ontribution. These ontributions
are referred to as (1-terms) and (2-terms) in the introdution of this paper. The leading order ontribution to the mass
is of order e2T 2/q0 ∼ eT (see Eqn. (2)). Expliit alulation shows that ontributions to the mass from (1-terms)
and (2-terms) are not of order e(eT ) = e2T but rather of order e3 ln 1/e. A similar result was obtained by Shulz in
[6℄ for the gluoni plasma frequeny.
In this appendix we show why the power ounting argument fails for eah of the (1-terms) and (2-terms) individually,
in our example. It is not known if power ounting always over estimates the ontributions of these terms. Throughout
this appendix we use the feynman gauge. We use K to denote a hard momentum, and Q is the soft momentum (q0,~0).
Pairs of lines with the same statistis may ontribute a fator Nx(k) − Nx(k + q) ∼ q/T and thus redue the
ontribution of a diagram by one power of e. We show below that even without this additional power of e, the
ontributions desribed above do not ontribute at order e(eT ). For the 1-loop diagram and two of the 2-loop diagrams,
we make use of this knowledge in advane by onsidering only terms that depend on the bose-einstein distribution
funtion. For the 2-loop bubble diagram (see Fig. 5b) it is easier to onsider terms that depend on the fermi-dira
distribution funtion. Terms that depend on the bose-einstein distribution funtion ontain a fatorNB(k0)(Dret(K)−
Dadv(K)). This fator is even in k0, is proportional to the delta funtion δ(K
2), and has mass dimension -2. In a
power ounting analysis (keeping only nite temperature ontributions) we an make the replaement:
NB(k0)(Dret(K)−Dadv(K)) → 1
k2
nb(k) ; k0 → nk (E1)
where the index n is summed over ±1. Similarly, for terms that ontain a fermi-dira distribution funtion we an
write:
NF (k0)(Sret(K)− Sadv(K)) → K/
k2
nf(k) ; k0 → nk (E2)
We onsider below all possible ontributions from (1-terms) and (2-terms). The diagrams we need to onsider are
shown below.
K
QQ K+Q
FIG. 4: The 1-loop htl.
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(a)
FIG. 5: The 2-loop diagrams.
(1) Corretions to the result for the 1-loop diagram obtained by expanding to next-to-leading order in the ratio of the
external momentum to the loop momentum. Consider the diagram shown in Fig. 4. Power ounting indiates that
the ontribution of this diagram is of order:
diagram (1) ∼ e2
∑
n=±1
dk k3︸ ︷︷ ︸
phase space
nb(k)
k2︸ ︷︷ ︸
γ propagator
1
K ·Q+Q2/2
∣∣∣
k0=nk︸ ︷︷ ︸
fermion denominator
Tr(γ0γµ(K/ +Q/ )γ
µ)
∣∣∣
k0=nk︸ ︷︷ ︸
numerator
(E3)
Doing the trae and expanding the denominator of the fermion propagator we have:
diagram (1) ∼ e2
∑
n=±1
dk k nb(k)
1
q0
(
1 +
q0
k0
) (
1− q
2
0
2k0q0
+ · · ·
)∣∣∣
k0=nk
(E4)
The leading order ontribution is:
diagram (1)lo ∼ e2 dk k nb(k)
1
q0
∼ e2T
2
q0
(E5)
whih agrees with (2). The next term in the expansion gives zero when summed over n and thus the term of relative
order e that is predited by the power ounting arguments of [2℄ identially anels.
diagram (1)nlo ∼ e2
∑
n=±1
dk n nb(k) → e2T · (0) (E6)
The largest sub-leading term is of order:
diagram (1)nnlo ∼ e2q0
dk
k
nb(k) → e2q0 dk nb(k) k Prin 1
k2 − q20
∼ e3T ln(1/e) (E7)
where the arrow indiates the expression that would be obtained if the expansion was done arefully enough to
preserve the term that regulates the apparent infra-red divergene in the log.
(2) Contributions from the double-rainbow diagram with both loop momenta hard.
Consider the diagram in Fig. 5a. Sine both loop momenta are hard, we an replae the inner loop by the leading
order piee of the 1-loop self-energy. The leading order ontribution is:
diagram (2) ∼ e2
∑
n=±1
dk k3︸ ︷︷ ︸
phase space
nb(k)
k2︸ ︷︷ ︸
γ propagator
1
(K ·Q+Q2/2)2
∣∣∣
k0=nk︸ ︷︷ ︸
fermion denominators
Tr(γ0γµK/ γτK/ γ
µ)Σhtlτ (K)
∣∣∣
k0=nk︸ ︷︷ ︸
numerator
(E8)
If we ollet the powers of e it appears as if we have: an expliit fator of e2 in front; a fator e2 ontained in the
htl self-energy; and a fator of 1/e2 from the 2 powers of 1/q0 introdued by the 2 fermion propagators. By simple
dimensional analysis this should produe a ontribution e(eT ) as predited in [2℄. However, if we look losely at the
numerator of this expression we see that, as in ase (1) above, this leading order term anels identially. If we do
the trae we obtain two kinds of terms:
(i) k0(KµΣhtl
µ(K))
∣∣∣
k0=nk
∼ n k e2T 2 → 0 (E9)
(ii) K2Σhtl0(K)|k0=nk → 0
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The rst term is zero when we sum over n and the seond term is zero when we substitute in for k0.
(3) Contributions from the bubble diagram with both loop momenta hard.
Consider the diagram in Fig. 5b. Sine both loop momenta are hard, we an replae the bubble by the leading order
piee of the 1-loop photon polarization tensor. In this ase it is easier to onsider the terms that depend on the
fermi-dira distribution funtion. Using (E2) the leading order ontribution is:
diagram (3) ∼ e2
∑
n=±1
dk k3︸ ︷︷ ︸
phase space
nf (k)
k2︸ ︷︷ ︸
fermion denominator
1
(K ·Q+Q2/2)2
∣∣∣
k0=nk︸ ︷︷ ︸
γ propagators
Tr(γ0γµK/ γν)g
µτΠτλg
λν
∣∣∣
k0=nk︸ ︷︷ ︸
numerator
(E10)
If we ollet the powers of e it appears as if we have: an expliit fator of e2 in front; a fator e2 ontained in the
htl polarization tensor; and a fator of 1/e2 from the 2 powers of 1/q0 introdued by the 2 photon propagators. By
dimensional analysis this should produe a ontribution e(eT ) as predited in [2℄. However, if we look losely at the
numerator of this expression we see that, as in ases (1) and (2) above, this leading order term anels identially. The
htl polarization tensor ontains three dierent strutures: gτλ, KτKλ/K
2
and k0{gτ0Kλ, gλ0Kτ}. Doing the trae and
ontrating with eah of these tensors we nd that the rst two produe a term proportional to k0 (whih gives zero
when summed over the index n), and the third is proportional toK2/k2 (whih gives zero when we substitute in for k0).
(4) Contributions to the rossed-rainbow diagram with both loop momenta hard.
Consider the diagram in Fig. 5. Sine both loop momenta are hard, we an replae the left hand loop by the leading
order piee of the htl vertex. The leading order ontribution is:
diagram (4) ∼ e2
∑
n=±1
dk k3︸ ︷︷ ︸
phase space
nb(k)
k2︸ ︷︷ ︸
γ propagator
1
(K ·Q+Q2/2)
∣∣∣
k0=nk︸ ︷︷ ︸
fermion denominator
Tr(γ0γτK/ γµ)Γhtl
τµ(K)
∣∣∣
k0=nk︸ ︷︷ ︸
numerator
(E11)
There are not enough powers of 1/q0 to produe a ontribution of order e(eT ).
The onlusion is that, for the ase of a stati fermion, the power ounting argument of [2℄ over estimates the
ontribution of: (1) the subleading orretions to the 1-loop htl result and; (2) eah of the 2-loop diagrams with both
loop momenta hard. In every ase, the nlo terms predited by [2℄ are present, but they anel exatly at the relative
e order that is being onsidered.
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